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ブラックホールなどのコンパクトな天体の存在量を調べる方法として、遠方の星の手前を
そのようなコンパクト天体が通過することで起こる星の重力レンズ増光から推定する方法
があります。この重力マイクロレンズと呼ばれる星の増光は、個々の星に対して起こる確率
は非常に小さいですが、百万個以上の星の明るさを継続観測することで実際に観測するこ
とが可能です。最近のブラックホール合体からの重力波の発見に触発され、宇宙のダーク
マターをブラックホールで説明する理論研究や、ブラックホールの存在量や質量を重力マ
イクロレンズから観測的に制限する研究が再び活発になっています。
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重力マイクロレンズ

(Kavli IPMU news No. 38)

• 手前のコンパクト天体の重力レンズ効果による
     遠方の星の一時的な増光



今回の話
• 銀河団中心部で新しいタイプの変動天体を発見

• 重力レンズで非常に大きく増光された単独の星 

と解釈 (増光率1000以上)

• 観測からソースとレンズの性質、およびダーク
マターモデルへの制限可能性を議論する
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光度曲線
Kelly, .., MO+, arXiv:1706.10279

• 徐々に増加、急激な減光 (非対称)
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Fig. 3: Light curve of the magnified star LS1, and best-matching simulated light curves
during each interval. Fluxes measured through all wide-band HST filters are converted to
F125W using LS1’s SED. Upper panel shows LS1’s full HST light curve which begins in
2004. The lower panel shows the most densely sampled part of the light curve including
the May 2016 peak (Lev 2016A). This maximum shows two successive peaks that may
correspond to a lensed binary system of stars at redshift z = 1.49.
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スペクトル
Kelly, .., MO+, arXiv:1706.10279

• 強いバルマーブレーク
  → z=1.49 (=母銀河のz) のB型星
      [これまでで再遠方の単独の星の観測]
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Fig. 2: The SEDs of LS1 measured in 2013–2015 (red) and of the rescaled, excess flux
density at LS1’s position close to its May 2016 peak (Lev 2016A; black) are consistent.
Rescaling the SED of the flux excess to match to that of the 2013–2015 source yields
‰2

‹

= 1.5, indicating that they are statistically consistent with each other despite a flux
density di�erence of a factor of ≥ 3–4. The SED shows a strong Balmer break consistent
with the host-galaxy redshift of 1.49, and stellar atmosphere models (15 ) of a mid-to-late
B-type star provide a reasonable fit. Black circles show the expected flux density for each
model.
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さらに他のイベント
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Fig. 4: Highly magnified stellar images located near the MACS J1149 galaxy cluster’s
CC. The left panel shows LS1 in 2014; we detected LS1 when it temporarily brightened by
a factor of ≥ 3 in late-April 2016. The center panel shows the appearance of a new image
dubbed Lev 2016B on 30 October 2016. The red curve marks the location of the cluster’s
CC from the CATS cluster model (7 ). The position is consistent with the possibility that
it is a counterimage of LS1. The right panel shows candidate named Lev 2017A with
≥ 4‡ significance detected on 3 January 2017. If a microlensing peak, Lev 2017A must
correspond to a di�erent star.
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Fig. 1.— The detection of HFF14Spo-NW and HFF14Spo-SE in HST imaging from the Hubble Frontier Fields. The central panel
shows the full field of the MACSJ0416 cluster, in a combined image using optical and infrared bands from HST. Two boxes within the
main panel demarcate the regions where the HFF14Spo host galaxy images appear. These regions are shown as two inset panels on the
left, highlighting the three images of the host galaxy (labeled 11.1, 11.2, and 11.3), which are caused by the gravitational lensing of the
cluster. Two columns on the right side show the discovery of the two transient events in optical and infrared light, respectively. In these
final two columns the top row is a template image, the center row shows the epoch when each transient appeared, and the bottom row is
the di↵erence image.

Fig. 2.— Light curves for the two transient events, HFF14Spo-NW on the left and HFF14Spo-SE on the right. Measured fluxes in
micro-Janskys are plotted against rest-frame time at z = 1.0054, relative to the time of the peak observed flux for each event. The
corresponding Modified Julian Date (MJD) in the observer frame is marked on the top axis for each panel. As indicated in the legend,
optical observations using the HST ACS-WFC detector are plotted as circles, while infrared measurements from the WFC3-IR detector are
plotted as squares.

↑ Icarus近傍での他のイベント
     (Kelly, .., MO+, arXiv:1706.10279)          

← 他の銀河団でも似たイベント
       (Rodney, .., MO+, arXiv:1707.02434)



焦線通過 (caustic crossing)
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• 焦線を通過する単独の星
→ 非対称な光度曲線



普通のマイクロレンズの例
simulated by glafic



焦線通過 (caustic crossing) の例
simulated by glafic



巨大アーク内の焦線通過
• Miralda-Escude (1991) が銀河団背後の重力レンズ
を受けた巨大アーク内の単独の星の焦線通過の
観測可能性を議論

• 滑らかな銀河団質量分布のみを考慮
• しかしながらほんのわずかなコンパクト天体が
存在するだけで焦線の構造が大幅に変更される
(Diego, .., MO+ 2017; Venumadhav+ 2017)

• たとえダークマター自体がなめらかであっても
Intra-Cluster Light (ICL)の星がそのようなコンパ
クト天体の役割を担う



Intra-Cluster Light (ICL)

NASA/ESA/IAC/HFF team, STScI

• 銀河団内の広がった放射

• DM分布に沿った分布

• 銀河団内の銀河の外側
    から剥ぎ取られた星の
    放射に由来
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Fig. 8.— Disruption of the CC as a function of microlenses surface mass density. Each panel shows the CC region when a population of
microlenses with ⌃ = f⌃

o

is present. The case f = 1 corresponds to the model of Spera (2015) at the position of Icarus. The yellow lines
show the approximation in Eq. 19. The last panel in the bottom does not show the yellow line since it extends beyond the boundaries of
the plot. The total surface mass density (i.e., smooth plus microlens) is the same in all panels.

larger than the width of the microcaustics
produces counterimages that are notably less
magnified on the side with negative parity.
This phenomenon would not take place if there
where no microlenses since in that case the
magnification within the circular region would
be very similar for both parities. This can be
understood if we integrate the total magnifica-
tion within the circle in the source plane. The
gap between the caustics result in a smaller
total magnification in the enclosed area. This
is an interesting result since it tells us that
relatively small regions in the source plane of
angular size a few times the typical size of the
caustics (like the circular regions in Figure 7 or
R ⇡ 1.5 microarcsec ⇡ 0.01 parsecs at z ⇡ 1.5)
could show a ratio in the flux between the two
counterimages (positive/negative parity) of ⇠ 1.3
(although the exact value depends on multiple
factors like source size, mass of microlenses,
distance to the macro-CC, etc). A similar
property has been exploited in the context of
QSO microlensing like for instance in Mediavilla
et al. (2017). Finally, movies 7 and 8 in the url
https://cosmicspectator.org//2017/06/30/dark-
matter-under-the-microscope/ show how the
observed magnification depends on the point
where the trajectory of the background star
intersects the micro-caustics.

5. DISRUPTION OF THE CLUSTER CRITICAL CURVE BY
MICROLENSES

In this section we study in more detail the e↵ects of mi-
crolenses at the position of, or very close to, the CC. For
the microlenses we adopt as a reference the Spera model
normalised to ⌃o ⇡ 7M� pc�2 (similar to the surface
mass density in surviving stars inferred at the position
of Icarus).
As shown in Section 3 (see Fig. 5), microlenses near

the position of the CC can disrupt it. When microlenses
are present in the vicinity of the CC, the infinitesimally

narrow CC widens, with overlapping critical lines that
form a complex network (see, for instance, Fig. 6 and
Fig. 8). This network extends up to a maximum range
that depends on the total number and masses of the mi-
crolenses. In the case of Fig. 6, this network extends
well beyond the displayed field of view. The change in
the network when the amount of microlenses is varied is
made more evident in Fig. 8. The magnification pattern
gets shifted around, with regions of high magnification
becoming regions of low magnification, and vice versa.
When the amount of microlenses is small (i.e., small
fraction f = ⌃/⌃o), the main CC becomes sharper by
trading high magnification by lower magnification with
the surrounding area in the lens plane. As more mi-
crolenses are added, the disruption becomes more seri-
ous, and at some point between f = 0.003 and f = 0.01
in Fig. 8 the CC itself transforms into a network of micro-
CCs. An interesting consequence is that the typical mag-
nification one would expect is changed by the addition of
microlenses. In Fig. 9 we show the median of the distri-
bution of magnifications computed at di↵erent distances
from the position of the main CC. For each distance, the
distribution of magnifications and its median are com-
puted in an area of 1.9 ⇥ 0.5mas2. Adding microlenses
thus results in a reduction of the typical magnification
that one would have obtained without them.
This change in the magnification is also evident in

Fig. 6, where we display a small region around the main
CC in the case of the smooth lens compared with the
magnification pattern when microlenses are added (diag-
onal band). The figure also shows a lensed background
object (with ⇠ 0.01 pc radius), or train of micro-images,
at the moment of maximum magnification. The lensed
image breaks into multiple smaller components. For
smaller background sources (such as a large star) the
lensed image would break into even more smaller pieces.
A related e↵ect can be seen when comparing the dis-

tribution of magnifications. In Fig. 10 we show the his-
tograms of the magnification computed at the position of
the main CC. The black curve corresponds to the smooth
model with no microlenses. In this case, the highest mag-
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ICLの影響

w/o ICL

w/ ICLMicrolenses near caustics 13

Fig. 9.— Median of the magnification as a function of distance to
the main CC (negative distances mean they are measured toward
the left of the CC and positive toward the right). The black line
corresponds to the smooth model (no microlenses) and the red line
is for the case when microlenses are added (with ⌃ ⇡ 7M� pc�2).

nifications are concentrated around the CC and can reach
values beyond 106. When microlenses are added, the
maximum magnification is smaller than in the case of
the smooth model. This is easy to understand since the
maximum magnification is proportional to the Einstein
radius of the lens, which in this case would correspond
to the Einstein radius of the microlens (re), not the clus-
ter. Since the microlens is itself magnified by the smooth
deflection field by a factor ⇠ p

µ (see Section 2), the
maximum magnification should then be proportional to
re
p
µ. The addition of microlenses also breaks the usual

relation p(µ) / µ

�2 (where p(µ) is the probability of µ)
below magnifications of a few thousand.
The break shown in Fig. 10 below µ ⇡ 105 for the

smooth model (black line) is an artifact, owing to the
limited field of view (smaller magnifications would be
observed only at distances much farther away from the
simulated region).
Microlenses near the CC can produce regions of rela-

tively low magnifications (few hundreds or thousands as
opposed to many thousands; see also Fig. 6). For a small
source in the background, such as a star, this may result
in occasional periods where the flux drops temporarily by
some large factor. This mechanism is believed to be re-
sponsible for the lack of flux at the position of Iapyx (see
K17) for a period spanning several years. The histograms
in Fig. 10 show how the magnification gets redistributed
around the main CC when enough microlenses are added.
Near the main CC it is less likely to attain extreme mag-
nifications (105 and above), but this gets compensated
when we observe farther away from the main CC (a frac-
tion of an arcsec), where it is now possible to observe
events with magnifications of several thousand instead
of a few hundred. Similarly, the total observed flux in-
tegrated over an extended period of time would be the
same regardless of whether we include microlenses, owing
to flux conservation. However, if microlenses are present,
the flux integrated over a relatively short period of time
(of 10–20 yr) may di↵er significantly from the expected
flux obtained without the microlenses.
The reduction in flux (median) discussed above is pro-

portional to the surface mass density of microlenses, ⌃.

Fig. 10.— Histograms of the magnification (image plane) at the
location of the main CC (black and red curves) and at two positions
o↵set by 0.13 arcsec from the main CC on the side where a1 > 0
(yellow dotted line) and on the side where a1 < 0 (yellow dashed
line) and. The y-axis shows the percentage of area (in the image
plane) per magnification interval. The dashed line shows the classic
theoretical scaling for high magnification, µ�2 (see for instance
Nityananda & Ostriker 1984).

Figure 11 compares the magnification of the smooth lens
model with the magnification computed when the mass
of the microlenses is increased. Each line is basically a
one-dimensional scan along the horizontal direction in
the panels of Fig. 8. Each curve corresponds to a dif-
ferent value of a constant f , where ⌃ = f⌃o. When f

is su�ciently small, the e↵ect of the microlenses is small
and the magnification behaves like in the smooth lens
model case, except when we approach the CC. At short
distances from the CC, even small microlenses can have
a significant impact on the magnification pattern. As f

grows, the range at which the CC gets disrupted grows as
well. For values of f ⇡ 0.001 the disruption is still signif-
icant up to scales of a few milliarcsec. In this situation, if
macro-images are being formed on both sides of the main
CC at a distance of a few milliarcsec, a telescope like the
Hubble Space Telescope (HST) observing the unresolved
macro-images would start to see not only a change in
flux over time but also a change in the observed position
of the peak, since the observed images would appear to
be jumping back and forth. For values of f ⇡ 1 it is im-
possible to determine the exact location of the main CC
and the magnification pattern is completely disrupted
over a scale of hundreds of milliarcseconds. If f � 1
the disruption can extend to scales of an arcsec and this
type of microlensing events would be much more com-
mon. The fact that no similar microlens event has ever
been reported before Icarus/Iapyx is a simple indirect in-
dication that the optical depth of microlenses cannot be
much higher than that from the stellar component (with
 ⇡ 10�3).

6. LIGHT CURVES

The results presented in the previous section show
examples of the magnification pattern near the main
CC when microlenses are present. However, this
magnification pattern cannot be observed directly.
Instead, observations provide a measure of the total
flux as a function of time, a light curve. Macro-images
moving in a straight line across the image plane with a
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• ICLによる臨界曲線の「破壊」

Diego, .., MO+, arXiv:1706.10281 (see also Venumadhav+ 2017)

• 臨界曲線の破壊により
    増光率がサチる

• コンパクト天体の存在
     を考慮することは
     Icarusの解釈に必須



• Icarusのような銀河団巨大アーク内の焦線通過
    イベントはコンパクトDM (e.g., PBH) の有用な
    プローブになりうる

• このような焦線通過観測からそのレンズとソース
    にたいしてどのような情報が得られるだろうか？

MO, Diego, Kaiser, Kelly & Broadhurst, arXiv:1710.00148

焦線通過 (caustic crossing) を理解する



単純な解析モデル
• 点質量レンズ (質量 M)  

    + 一定の convergence     と shear 

2

viously known microlensing events. This possibility of
observing highly magnified images of individual stars in
giant arcs was first discussed in [25], although only the
smooth cluster potential was considered in that work.
Motivated by the discovery of MACS J1149 LS1, [26]
and [27] revisited this problem, and argued that even
a small fraction of compact objects in the lens disrupts
the critical curve into a network of micro-caustics, and
drastically modifies the microlensing properties near the
critical curve. Even if dark matter consists entirely of a
smooth component, such compact objects are the stars
that are responsible for the so-called intra-cluster light
(ICL). Given the drastic change of lensing properties near
the critical curve, it has been argued that caustic cross-
ing events in giant arcs may serve as a powerful probe
of a range of dark matter scenarios such as Primordial
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erties of this lens model. The result is used to derive
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property of the source star. We also discuss the event
rates of caustic crossing. Such analytic studies of caustic
crossing events should complement ray-tracing simula-
tions presented in [1] and [26] for which repeating sim-
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computationally expensive. Our approach more resem-
bles that in [27], which appeared when this work was
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erties of this lens model. The result is used to derive
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and place constraints on the lens mass as well as the
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bles that in [27], which appeared when this work was
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results in Section VII. Throughout the paper we adopt
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observing highly magnified images of individual stars in
giant arcs was first discussed in [25], although only the
smooth cluster potential was considered in that work.
Motivated by the discovery of MACS J1149 LS1, [26]
and [27] revisited this problem, and argued that even
a small fraction of compact objects in the lens disrupts
the critical curve into a network of micro-caustics, and
drastically modifies the microlensing properties near the
critical curve. Even if dark matter consists entirely of a
smooth component, such compact objects are the stars
that are responsible for the so-called intra-cluster light
(ICL). Given the drastic change of lensing properties near
the critical curve, it has been argued that caustic cross-
ing events in giant arcs may serve as a powerful probe
of a range of dark matter scenarios such as Primordial
Black Holes (PBHs) [29–33] and scalar field dark matter
[34–36].

In this paper, we adopt a simple analytic model that
consists of a point mass lens and a constant convergence
and shear component, and study basic microlensing prop-
erties of this lens model. The result is used to derive
characteristic scales of caustic crossing events in giant
arcs, and their dependences on the lens and source prop-
erties. The result is used to interpret MACS J1149 LS1
and place constraints on the lens mass as well as the
property of the source star. We also discuss the event
rates of caustic crossing. Such analytic studies of caustic
crossing events should complement ray-tracing simula-
tions presented in [1] and [26] for which repeating sim-
ulations with many different model parameters may be
computationally expensive. Our approach more resem-
bles that in [27], which appeared when this work was
almost completed.

This paper is organized as follows. We present an an-
alytic lens model which sets the theoretical background
in Section II. We then discuss what kind of constraints
we can place from observed caustic crossing events in
Section III. We apply our results to MACS J1149 LS1
to derive constraints on lens and source properties of
this particular microlensing event in Section IV. We
discuss event rates and derive expected event rates for
MACS J1149 LS1 as well as for general cases in Sec-
tion V. In Section VI, we discuss constraints on compact
dark matter in presence of ICL. Finally we summarize our
results in Section VII. Throughout the paper we adopt
a cosmological model with the matter density Ωm = 0.3,
cosmological constant ΩΛ = 0.7, and the Hubble constant
H0 = 70 km s−1Mpc−1.
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lensing by a point mass lens embedded in a high mag-
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centrates around the caustics that are produced by a
macro lens model of e.g., a massive cluster of galaxies,

and we consider a perturbation by a compact object to a
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Motivated by the discovery of MACS J1149 LS1, [26]
and [27] revisited this problem, and argued that even
a small fraction of compact objects in the lens disrupts
the critical curve into a network of micro-caustics, and
drastically modifies the microlensing properties near the
critical curve. Even if dark matter consists entirely of a
smooth component, such compact objects are the stars
that are responsible for the so-called intra-cluster light
(ICL). Given the drastic change of lensing properties near
the critical curve, it has been argued that caustic cross-
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consists of a point mass lens and a constant convergence
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computationally expensive. Our approach more resem-
bles that in [27], which appeared when this work was
almost completed.

This paper is organized as follows. We present an an-
alytic lens model which sets the theoretical background
in Section II. We then discuss what kind of constraints
we can place from observed caustic crossing events in
Section III. We apply our results to MACS J1149 LS1
to derive constraints on lens and source properties of
this particular microlensing event in Section IV. We
discuss event rates and derive expected event rates for
MACS J1149 LS1 as well as for general cases in Sec-
tion V. In Section VI, we discuss constraints on compact
dark matter in presence of ICL. Finally we summarize our
results in Section VII. Throughout the paper we adopt
a cosmological model with the matter density Ωm = 0.3,
cosmological constant ΩΛ = 0.7, and the Hubble constant
H0 = 70 km s−1Mpc−1.

II. GENERAL THEORY

Here we summarize basic properties of gravitational
lensing by a point mass lens embedded in a high mag-
nification region. The high magnification region con-
centrates around the caustics that are produced by a
macro lens model of e.g., a massive cluster of galaxies,

and we consider a perturbation by a compact object to a
highly magnified background object (star) near the caus-
tics. The lensing properties of such compound system
have been studied at depth in the literature [12–16], and
more recently by [26, 27] in the context of interpreting
MACS J1149 LS1 [1]. We present some key results which
are necessary for discussions in the following sections.

A. Lens equation

We consider a point mass lens in a constant conver-
gence (κ̄) and shear (γ̄) field which comes from a macro
lens model. Then we have

µ−1
t = 1− κ̄− γ̄, (1)

µ−1
r = 1− κ̄+ γ̄. (2)

The total magnification by the macro lens model is µ̄ =
µtµr. We consider a region near the tangential critical
curve where µ−1

t ≈ 0 gives rise to the high magnification.
The lens equation by a point mass lens with mass M ,

in absence of the macro mass model, has the Einstein
radius of

θE =

(

4GM

c2
Dls

DosDol

)1/2

. (3)

The lens equation for the point mass lens embedded in
the macro lens model is

β1 =
θ1
µr

−
θ2Eθ1
θ2

, (4)

β2 =
θ2
µt

−
θ2Eθ2
θ2

. (5)

Note that (β1, β2) is the position of the source and (θ1,
θ2) is the position of the image. The shear direction is
aligned with x-axis. The inverse magnification matrix is

∂β⃗

∂θ⃗
=

(

µ−1
r + θ2E cos(2φ)/θ2 −θ2E sin(2φ)/θ2

−θ2E sin(2φ)/θ2 µ−1
t − θ2E cos(2φ)/θ2

)

.

(6)
The magnification is

µ−1 = (µtµr)
−1 − (µ−1

r − µ−1
t ) cos(2φ)

θ2E
θ2

−
θ4E
θ4

. (7)

B. Critical curve and caustic

The critical curve can be derived from µ−1 = 0. Specif-
ically,

(

θ

θE

)2

=
cos(2φ)

2
(µt − µr)

×

[

1±

√

1 +
4µtµr

(µt − µr)2 cos2(2φ)

]

≈
µt cos(2φ)

2

[

1±

√

1 +
4µr(sgnµt)

|µt| cos2(2φ)

]

. (8)



4

FIG. 1: Critical curves (upper panels) and caustics (lower panels) of a point mass lens in the high magnification region. Left:
Positive parity case with µ−1

t = 0.001 and µ−1
r = 0.401. Right: Negative parity case with µ−1

t = −0.001 and µ−1
r = 0.399.

These are computed with GLAFIC [28]. Note the difference of scales between x- and y-axes in the lower panels.
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viously known microlensing events. This possibility of
observing highly magnified images of individual stars in
giant arcs was first discussed in [25], although only the
smooth cluster potential was considered in that work.
Motivated by the discovery of MACS J1149 LS1, [26]
and [27] revisited this problem, and argued that even
a small fraction of compact objects in the lens disrupts
the critical curve into a network of micro-caustics, and
drastically modifies the microlensing properties near the
critical curve. Even if dark matter consists entirely of a
smooth component, such compact objects are the stars
that are responsible for the so-called intra-cluster light
(ICL). Given the drastic change of lensing properties near
the critical curve, it has been argued that caustic cross-
ing events in giant arcs may serve as a powerful probe
of a range of dark matter scenarios such as Primordial
Black Holes (PBHs) [29–33] and scalar field dark matter
[34–36].

In this paper, we adopt a simple analytic model that
consists of a point mass lens and a constant convergence
and shear component, and study basic microlensing prop-
erties of this lens model. The result is used to derive
characteristic scales of caustic crossing events in giant
arcs, and their dependences on the lens and source prop-
erties. The result is used to interpret MACS J1149 LS1
and place constraints on the lens mass as well as the
property of the source star. We also discuss the event
rates of caustic crossing. Such analytic studies of caustic
crossing events should complement ray-tracing simula-
tions presented in [1] and [26] for which repeating sim-
ulations with many different model parameters may be
computationally expensive. Our approach more resem-
bles that in [27], which appeared when this work was
almost completed.

This paper is organized as follows. We present an an-
alytic lens model which sets the theoretical background
in Section II. We then discuss what kind of constraints
we can place from observed caustic crossing events in
Section III. We apply our results to MACS J1149 LS1
to derive constraints on lens and source properties of
this particular microlensing event in Section IV. We
discuss event rates and derive expected event rates for
MACS J1149 LS1 as well as for general cases in Sec-
tion V. In Section VI, we discuss constraints on compact
dark matter in presence of ICL. Finally we summarize our
results in Section VII. Throughout the paper we adopt
a cosmological model with the matter density Ωm = 0.3,
cosmological constant ΩΛ = 0.7, and the Hubble constant
H0 = 70 km s−1Mpc−1.

II. GENERAL THEORY

Here we summarize basic properties of gravitational
lensing by a point mass lens embedded in a high mag-
nification region. The high magnification region con-
centrates around the caustics that are produced by a
macro lens model of e.g., a massive cluster of galaxies,

and we consider a perturbation by a compact object to a
highly magnified background object (star) near the caus-
tics. The lensing properties of such compound system
have been studied at depth in the literature [12–16], and
more recently by [26, 27] in the context of interpreting
MACS J1149 LS1 [1]. We present some key results which
are necessary for discussions in the following sections.
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FIG. 2: Trajectories of sources in the source plane (upper) and corrsponding light curves (total magnifications) as a function
of the source position (lower). Here we consider the positive parity case with µ�1

t = 0.001 and µ�1
r = 0.401.
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|
8

✓

E

. (19)

We can use the same argument as above to show that the
typical width of the caustics is given by equation (13).
Thus, the area enclosed by the caustics is again largely
unchanged compared with the case of an isolated point
mass lens.

The source plane region surrounded by � = ±�

crit,+

demagnifies the star. As an example, we consider multi-
ple images for a source placed at the origin (�

1

, �
2

)=(0,
0). From the lens equation, we find that there are two
multiple images located at (✓

1

, ✓
2

)=(±p
µ

r

✓

E

, 0). The
magnification of the individual images is computed as

µ = �µ

2

r

2
, (20)

which is much smaller than the macro magnification
µ = µ

t

µ

r

, indicating that any source near the origin are
strongly demagnified compared with the case withough
the point mass lens.

C. Light curves

To understand what kind of light curves this lens model
predicts, we compute light curves when a source crosses

the caustics along the up-and-down direction. Figure 2
shows the light curves for the positive parity case, in
which the source crosses the castics twice. Figure 3 shows
the negative parity case. The source crosses the caustics
four times, and near the center the source is demagnified
as discussed above.
The behavior of the total magnification near the caus-

tic is important for estimating the possible maximum
magnification. Generally the total magnfication near the
caustics is known to behave as µ / ��

�1/2, where ��

is the distance between the source and the caustic in the
source plane. We find that the magnifications near the
caustics shown in Figurese 2 and 3 are crudely approxi-
mated as

µ(��) ⇡ µ

t

µ

r

✓
✓

Ep
µ

t

��

◆
1/2

, (21)

which is reasonable given that the width of the caustic is
“shrunk” by a factor of

p
µ

t

(equation 13).

II. SOME NUMBERS FOR ICARUS

A. Distance

The lens redshift is z
l

= 0.544 and the source redshift
is z

s

= 1.49. For a cosmology with ⌦
M

= 0.3, ⌦
⇤

= 0.7,
and h = 0.7, we have 6.4 kpc/arcsec at the lens and

正パリティでの光度曲線 (焦線2回通過)

(μt−1=0.001, μr−1=0.401)
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FIG. 3: Same as Figure 2, but for the negative parity case with µ�1
t = �0.001 and µ�1

r = 0.399.

8.5 kpc/arcsec at the source. The distance modulus to
the source is 45.2. With these distances, the Einstein
radius of the (isolated) point mass lens is

✓

E

(M) ⇡ 1.8⇥ 10�6 arcsec

✓
M

M�

◆
1/2

. (22)

The solar radius at the source plane becomes

�

R� ⇡ 2.7⇥ 10�12 arcsec. (23)

B. Velocity

The transverse velocity in the lens plane v? is con-
verted to the projected velocity in the source plane in
angular unit as

v

�

=
v?

1 + z

l

1

D

ol

, (24)

where the factor 1 + z

l

accounts for the dilution of the
unit time, i.e., the angular velocity above indicates the
change of the position on the sky per unit observed-frame
time. For v? = 1000 km s�1 ⇡ 1.02⇥ 10�6 kpc yr�1, we
have

v

�

⇡ 1.3⇥ 10�7

⇣
v?

1000 km s�1

⌘
arcsec yr�1

. (25)

C. Macro lens model

In the case of the GLAFIC mass model (Kawamata et
al. 2016), near Icarus we have

µ

i

⇡ 40

✓
✓

i

arcsec

◆�1

, (26)

�

h

⇡ 0.045

✓
✓

i

arcsec

◆
2

, (27)

where µ

i

is the magnification of one of the merging im-
ages, ✓

i

is the image-plane distance between one of the
images and the critical curve, and �

h

is the distance be-
tween the source and the caustics. At the Icarus position
✓

i

= 0.1300 the model predict the magnification of Icarus
of µ

i

⇠ 300.

We can decompose the magnification into tangential
and radial magnifications, µ

t

and µ

r

. Again, from the
GLAFIC mass model we have µ

t

⇡ 100 and µ

r

⇡ 3 near
Icarus. The value of µ

t

increases quickly with image
approaching to the critical curvey, whereas µ

r

does not
chance very much.

(μt−1=−0.001, μr−1=0.399)
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smaller given the larger redshift and distance to the
source. Therefore, a simple approximation which we
adopt in the following discussions is

u ≈ um. (24)

On the other hand, Figure 1 indicates that the caustics
are elongated along x-axis by a factor of

√
µt ≫ 1. Thus,

caustic crossing typically occurs by a source moving along
y-axis with the velocity ∼ |um|.

When a source crosses the caustics vertically along y-
axis, crossing occurs two times in total for the positive
parity case, and four times for the negative parity case.
As discussed above, for the negative parity case, a source
is demagnified near the center.

The behavior of the total magnification near the caus-
tic is important for estimating the possible maximum
magnification. The total magnification near the caus-
tics is known to behave as µ ∝ ∆β−1/2, where ∆β is the
distance between the source and the caustic in the source
plane. We find that the magnifications near the caustics
are crudely approximated as

µ(∆β) ≈ µtµr

(

θE√
µt∆β

)1/2

, (25)

which is reasonable given that the width of the caustic is
“shrunk” by a factor of

√
µt (equation 13).

Equation (25) suggests that the magnification becomes
larger as the source approaches to the caustic, which is
a universal property of lensing near the caustic (see e.g.,
[38, 39]). However, the magnification saturates when the
distance to the caustic becomes comparable to the size of
the source in the source plane, βR (e.g., [25]). From this
condition, we can estimate the maximum magnification
as

µmax ≈ µtµr

(

θE√
µtβR

)1/2

. (26)

III. EXPECTED PROPERTIES OF THE LENS
AND SOURCE

A. Dependence on the source star

We discuss how the peak magnification scales with the
radius R and luminosity L of a background star. As-
suming the black body with the temperature T , they are
related as

L

L⊙

=

(

R

R⊙

)2 ( T

T⊙

)4

. (27)

In practice the spectral energy distribution (SED) of a
star does not strictly follow the black body, but this re-
lation still holds approximately. Using this relation, we
find that the observed maximum flux of the star scales
as

fmax ∝ µmaxL ∝ R−1/2L ∝ R3/2T 4. (28)

Therefore, for a given temperature (which can be inferred
from the observation of the SED of the star), we are
likely to observe a star with a large radius by microlensing
magnification.

If the source size is too big compared with the Einstein
radius, we do not observe any microlensing magnifica-
tions. From equation (26), we can argue that the source
size needs to satisfy the following condition to have sen-
sitivity to microlensing.

√
µtβR ! θE. (29)

Suppose that we observe a specific microlensing event in
which we can estimate the lower limit of the (relative)
magnification factor during the caustic crossing event,
µobs, which is derived from the difference of the magni-
tudes measured at the beginning of the event and when
the lensed source is brightest. This gives the lower limit
because the true magnification factor during the caustic
crossing event is larger given the limited sampling and
detection limit of monitoring observations. Thus µobs

must be smaller than the maximum magnification due
to caustic crossing, i.e., µobs < µmax/(µtµr). Using this
condition, we can replace the condition in equation (29)
to

√
µtβR !

θE
µ2
obs

. (30)

This means that, while the peak brightness is higher for
the larger star simply because of its large intrinsic bright-
ness, the microlensing magnification is more prominent
for the smaller star.

B. Macro model magnification

The analysis presented in Section II assumed a uni-
form macro model magnification for simplicity. In prac-
tice, however, the macro model magnification µt and µr

depends on the image position with respect to the crit-
ical curve of the macro model. It has been known that
µt quickly increases as the image approaches to the crit-
ical curve (see, e.g., [38, 39]). More specifically, given
that we denote the distance between the image and the
critical curve as θh, we generally expect µt ∝ θ−1

h . We
parametrize the dependence on θh as

µt(θh) = µh

(

θh
arcsec

)−1

, (31)

where µh is a constant factor that depends on the macro
lens model as well as the location on the critical curve.
On other other hand, µr is approximately constant near
the critical curve.

There is also a well-known asymptotic behavior be-
tween βh (the angular distance to the caustic in the
source plane) and θh (the angular distance to the crit-
ical curve in the image plane), βh ∝ θ2h. In particular, we

Δβ

焦線 (caustics)• 焦線近傍での全増光率は
    距離 Δβ → 0 で増大

• 孤立した点質量レンズに比
べ増光率は μt 3/4μr ≫ 1 だけ

    大きい (銀河団ポテンシャルと
     点質量レンズ両方の増光の重ね合わせ)
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smaller given the larger redshift and distance to the
source. Therefore, a simple approximation which we
adopt in the following discussions is

u ≈ um. (24)

On the other hand, Figure 1 indicates that the caustics
are elongated along x-axis by a factor of

√
µt ≫ 1. Thus,

caustic crossing typically occurs by a source moving along
y-axis with the velocity ∼ |um|.

When a source crosses the caustics vertically along y-
axis, crossing occurs two times in total for the positive
parity case, and four times for the negative parity case.
As discussed above, for the negative parity case, a source
is demagnified near the center.

The behavior of the total magnification near the caus-
tic is important for estimating the possible maximum
magnification. The total magnification near the caus-
tics is known to behave as µ ∝ ∆β−1/2, where ∆β is the
distance between the source and the caustic in the source
plane. We find that the magnifications near the caustics
are crudely approximated as

µ(∆β) ≈ µtµr

(

θE√
µt∆β

)1/2

, (25)

which is reasonable given that the width of the caustic is
“shrunk” by a factor of

√
µt (equation 13).

Equation (25) suggests that the magnification becomes
larger as the source approaches to the caustic, which is
a universal property of lensing near the caustic (see e.g.,
[38, 39]). However, the magnification saturates when the
distance to the caustic becomes comparable to the size of
the source in the source plane, βR (e.g., [25]). From this
condition, we can estimate the maximum magnification
as

µmax ≈ µ(∆β = R) ≈ µtµr

(

θE√
µtR

)1/2

. (26)

III. EXPECTED PROPERTIES OF THE LENS
AND SOURCE

A. Dependence on the source star

We discuss how the peak magnification scales with the
radius R and luminosity L of a background star. As-
suming the black body with the temperature T , they are
related as

L

L⊙

=

(

R

R⊙

)2 ( T

T⊙

)4

. (27)

In practice the spectral energy distribution (SED) of a
star does not strictly follow the black body, but this re-
lation still holds approximately. Using this relation, we
find that the observed maximum flux of the star scales
as

fmax ∝ µmaxL ∝ R−1/2L ∝ R3/2T 4. (28)

Therefore, for a given temperature (which can be inferred
from the observation of the SED of the star), we are
likely to observe a star with a large radius by microlensing
magnification.

If the source size is too big compared with the Einstein
radius, we do not observe any microlensing magnifica-
tions. From equation (26), we can argue that the source
size needs to satisfy the following condition to have sen-
sitivity to microlensing.

√
µtβR ! θE. (29)

Suppose that we observe a specific microlensing event in
which we can estimate the lower limit of the (relative)
magnification factor during the caustic crossing event,
µobs, which is derived from the difference of the magni-
tudes measured at the beginning of the event and when
the lensed source is brightest. This gives the lower limit
because the true magnification factor during the caustic
crossing event is larger given the limited sampling and
detection limit of monitoring observations. Thus µobs

must be smaller than the maximum magnification due
to caustic crossing, i.e., µobs < µmax/(µtµr). Using this
condition, we can replace the condition in equation (29)
to

√
µtβR !

θE
µ2
obs

. (30)

This means that, while the peak brightness is higher for
the larger star simply because of its large intrinsic bright-
ness, the microlensing magnification is more prominent
for the smaller star.

B. Macro model magnification

The analysis presented in Section II assumed a uni-
form macro model magnification for simplicity. In prac-
tice, however, the macro model magnification µt and µr

depends on the image position with respect to the crit-
ical curve of the macro model. It has been known that
µt quickly increases as the image approaches to the crit-
ical curve (see, e.g., [38, 39]). More specifically, given
that we denote the distance between the image and the
critical curve as θh, we generally expect µt ∝ θ−1

h . We
parametrize the dependence on θh as

µt(θh) = µh

(

θh
arcsec

)−1

, (31)

where µh is a constant factor that depends on the macro
lens model as well as the location on the critical curve.
On other other hand, µr is approximately constant near
the critical curve.

There is also a well-known asymptotic behavior be-
tween βh (the angular distance to the caustic in the
source plane) and θh (the angular distance to the crit-
ical curve in the image plane), βh ∝ θ2h. In particular, we
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smaller given the larger redshift and distance to the
source. Therefore, a simple approximation which we
adopt in the following discussions is

u ≈ um. (24)

On the other hand, Figure 1 indicates that the caustics
are elongated along x-axis by a factor of

√
µt ≫ 1. Thus,

caustic crossing typically occurs by a source moving along
y-axis with the velocity ∼ |um|.

When a source crosses the caustics vertically along y-
axis, crossing occurs two times in total for the positive
parity case, and four times for the negative parity case.
As discussed above, for the negative parity case, a source
is demagnified near the center.

The behavior of the total magnification near the caus-
tic is important for estimating the possible maximum
magnification. The total magnification near the caus-
tics is known to behave as µ ∝ ∆β−1/2, where ∆β is the
distance between the source and the caustic in the source
plane. We find that the magnifications near the caustics
are crudely approximated as

µ(∆β) ≈ µtµr

(

θE√
µt∆β

)1/2

, (25)

which is reasonable given that the width of the caustic is
“shrunk” by a factor of

√
µt (equation 13).

Equation (25) suggests that the magnification becomes
larger as the source approaches to the caustic, which is
a universal property of lensing near the caustic (see e.g.,
[38, 39]). However, the magnification saturates when the
distance to the caustic becomes comparable to the size of
the source in the source plane, βR (e.g., [25]). From this
condition, we can estimate the maximum magnification
as

µmax ≈ µ(∆β = R) ≈ µtµr

(

θE√
µtR

)1/2

. (26)

III. EXPECTED PROPERTIES OF THE LENS
AND SOURCE

A. Dependence on the source star

We discuss how the peak magnification scales with the
radius R and luminosity L of a background star. As-
suming the black body with the temperature T , they are
related as

L

L⊙

=

(

R

R⊙

)2 ( T

T⊙

)4

. (27)

In practice the spectral energy distribution (SED) of a
star does not strictly follow the black body, but this re-
lation still holds approximately. Using this relation, we
find that the observed maximum flux of the star scales
as

fmax ∝ µmaxL ∝ R−1/2L ∝ R3/2T 4. (28)

Therefore, for a given temperature (which can be inferred
from the observation of the SED of the star), we are
likely to observe a star with a large radius by microlensing
magnification.

If the source size is too big compared with the Einstein
radius, we do not observe any microlensing magnifica-
tions. From equation (26), we can argue that the source
size needs to satisfy the following condition to have sen-
sitivity to microlensing.

√
µtβR ! θE. (29)

Suppose that we observe a specific microlensing event in
which we can estimate the lower limit of the (relative)
magnification factor during the caustic crossing event,
µobs, which is derived from the difference of the magni-
tudes measured at the beginning of the event and when
the lensed source is brightest. This gives the lower limit
because the true magnification factor during the caustic
crossing event is larger given the limited sampling and
detection limit of monitoring observations. Thus µobs

must be smaller than the maximum magnification due
to caustic crossing, i.e., µobs < µmax/(µtµr). Using this
condition, we can replace the condition in equation (29)
to

√
µtβR !

θE
µ2
obs

. (30)

This means that, while the peak brightness is higher for
the larger star simply because of its large intrinsic bright-
ness, the microlensing magnification is more prominent
for the smaller star.

B. Macro model magnification

The analysis presented in Section II assumed a uni-
form macro model magnification for simplicity. In prac-
tice, however, the macro model magnification µt and µr

depends on the image position with respect to the crit-
ical curve of the macro model. It has been known that
µt quickly increases as the image approaches to the crit-
ical curve (see, e.g., [38, 39]). More specifically, given
that we denote the distance between the image and the
critical curve as θh, we generally expect µt ∝ θ−1

h . We
parametrize the dependence on θh as

µt(θh) = µh

(

θh
arcsec

)−1

, (31)

where µh is a constant factor that depends on the macro
lens model as well as the location on the critical curve.
On other other hand, µr is approximately constant near
the critical curve.

There is also a well-known asymptotic behavior be-
tween βh (the angular distance to the caustic in the
source plane) and θh (the angular distance to the crit-
ical curve in the image plane), βh ∝ θ2h. In particular, we

L: 光度
R: 半径
T: 温度

• 半径の大きい (もともとの光度が大きい) 星
    のほうが観測される最大明るさは大きい
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smaller given the larger redshift and distance to the
source. Therefore, a simple approximation which we
adopt in the following discussions is

u ≈ um. (24)

On the other hand, Figure 1 indicates that the caustics
are elongated along x-axis by a factor of

√
µt ≫ 1. Thus,

caustic crossing typically occurs by a source moving along
y-axis with the velocity ∼ |um|.

When a source crosses the caustics vertically along y-
axis, crossing occurs two times in total for the positive
parity case, and four times for the negative parity case.
As discussed above, for the negative parity case, a source
is demagnified near the center.

The behavior of the total magnification near the caus-
tic is important for estimating the possible maximum
magnification. The total magnification near the caus-
tics is known to behave as µ ∝ ∆β−1/2, where ∆β is the
distance between the source and the caustic in the source
plane. We find that the magnifications near the caustics
are crudely approximated as

µ(∆β) ≈ µtµr

(

θE√
µt∆β

)1/2

, (25)

which is reasonable given that the width of the caustic is
“shrunk” by a factor of

√
µt (equation 13).

Equation (25) suggests that the magnification becomes
larger as the source approaches to the caustic, which is
a universal property of lensing near the caustic (see e.g.,
[38, 39]). However, the magnification saturates when the
distance to the caustic becomes comparable to the size of
the source in the source plane, βR (e.g., [25]). From this
condition, we can estimate the maximum magnification
as

µmax ≈ µ(∆β = R) ≈ µtµr

(

θE√
µtR

)1/2

. (26)

III. EXPECTED PROPERTIES OF THE LENS
AND SOURCE

A. Dependence on the source star

We discuss how the peak magnification scales with the
radius R and luminosity L of a background star. As-
suming the black body with the temperature T , they are
related as

L

L⊙

=

(

R

R⊙

)2 ( T

T⊙

)4

. (27)

In practice the spectral energy distribution (SED) of a
star does not strictly follow the black body, but this re-
lation still holds approximately. Using this relation, we
find that the observed maximum flux of the star scales
as

fmax ∝ µmaxL ∝ R−1/2L ∝ R3/2T 4. (28)

Therefore, for a given temperature (which can be inferred
from the observation of the SED of the star), we are
likely to observe a star with a large radius by microlensing
magnification.

If the source size is too big compared with the Einstein
radius, we do not observe any microlensing magnifica-
tions. From equation (26), we can argue that the source
size needs to satisfy the following condition to have sen-
sitivity to microlensing.

√
µtβR ! θE. (29)

Suppose that we observe a specific microlensing event in
which we can estimate the lower limit of the (relative)
magnification factor during the caustic crossing event,
µobs, which is derived from the difference of the magni-
tudes measured at the beginning of the event and when
the lensed source is brightest. This gives the lower limit
because the true magnification factor during the caustic
crossing event is larger given the limited sampling and
detection limit of monitoring observations. Thus µobs

must be smaller than the maximum magnification due
to caustic crossing, i.e., µobs < µmax/(µtµr). Using this
condition, we can replace the condition in equation (29)
to

√
µtβR !

θE
µ2
obs

. (30)

This means that, while the peak brightness is higher for
the larger star simply because of its large intrinsic bright-
ness, the microlensing magnification is more prominent
for the smaller star.

B. Macro model magnification

The analysis presented in Section II assumed a uni-
form macro model magnification for simplicity. In prac-
tice, however, the macro model magnification µt and µr

depends on the image position with respect to the crit-
ical curve of the macro model. It has been known that
µt quickly increases as the image approaches to the crit-
ical curve (see, e.g., [38, 39]). More specifically, given
that we denote the distance between the image and the
critical curve as θh, we generally expect µt ∝ θ−1

h . We
parametrize the dependence on θh as

µt(θh) = µh

(

θh
arcsec

)−1

, (31)

where µh is a constant factor that depends on the macro
lens model as well as the location on the critical curve.
On other other hand, µr is approximately constant near
the critical curve.

There is also a well-known asymptotic behavior be-
tween βh (the angular distance to the caustic in the
source plane) and θh (the angular distance to the crit-
ical curve in the image plane), βh ∝ θ2h. In particular, we

• 具体的に Icarus の場合
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Assuming the temperature to be T = 12000 K (see [1]),
the absolute V -band magnitude of the star before the
magnification is computed using equation (27) as

M
star

⇡ 2.2� 5 log

✓
R

R�

◆
, (49)

where we used M
L� ⇡ 4.8 in V -band, T� = 5777 K, and

included the bolometric correction. Therefore, taking ac-
count of the cross-filter K-correction derived in [1], the
minimum apparent magnitude of the star magnified by
microlensing at the peak is

m
peak

⇡ 25.5� 3.75 log

✓
200 R

R�

◆
� 0.625 log

✓
M

M�

◆
.(50)

The observation indicates that the peak magnitude is
brighter than m = 26 [1], i.e.,

3.75 log

✓
R

R�

◆
+ 0.625 log

✓
M

M�

◆
& 8.1. (51)

During the caustic crossing event the source star is mag-
nified at least a factor of 3 or so. Setting µ

obs

⇡ 3 in
equation (30), we obtain constraint on the source size as

✓
R

R�

◆✓
M

M�

◆�1/2

. 7600. (52)

We now consider the conditions that the saturation
does not happen, because the quantitative constraints
derived above assumed no saturation at the position of
MACS J1149 LS1. By setting µ

t

= 100 in equation (35),
we obtain

⌃ <⇠ 24 M�pc
�2. (53)

Again, we caution that this is the result assuming that
point mass lenses have the same mass M . As shown
above, the ICL component has the surface density of
⌃

ICL

⇡ 11� 19 M�pc�2 (which corresponds to the mass
fraction of f

ICL

= ⌃
ICL

/⌃
tot

⇡ 0.0055 � 0.0095), and
therefore satisfy this condition. On the other hand, from
the other condition for non-saturation (equation 40) we
have

M . 5.1⇥ 107M�. (54)

For MACS J1149 LS1, the source crossing time (equa-
tion 41) is

t
src

⇡ 0.038

✓
R

R�

◆⇣ v

500 km s�1

⌘�1

days. (55)

Similarly, the time scale between caustic crossings is

t
Ein

⇡ 3.5

✓
M

M�

◆
1/2 ⇣ v

500 km s�1

⌘�1

yr. (56)

In the case of MACS J1149 LS1, the source crossing time,
which is the timescale where the light curve is a↵ected

FIG. 2: Constraints on the source radius (R) and lens mass
(M) for MACS J1149 LS1. Shaded regions show excluded
regions from various constrains. Specifically, we consider con-
straints from the peak magnitude (m

peak

, equation 51), the
magnification during the caustic crossing (µ

obs

, equation 52),
the source crossing time (t

src

, equation 57), the time scale be-
tween caustic crossings (t

Ein

, equation 58), and the unresolved
shape during caustic crossing (unresolved, equation 59). The
saturation condition given by equation (54) is always satis-
fied in the allowed region of this plot. Contours show the
constant peak magnification (equation 48) in this parameter
space. From top to bottom, we show contours of µ

max

= 106,
105, 104, and 103.

by the finiteness of the source star radius very near the
peak, appears to be smaller than ⇠ 10 days [1]. The
condition t

src

. 10 days becomes

✓
R

R�

◆⇣ v

500 km s�1

⌘�1

. 260. (57)

For this source size, the apparent magnitude of the star
without microlensing by the point mass lens is . 28,
which appears to be consistent with the observation [1].
Also t

Ein

seems to be at least larger than ⇠ 1 yr, so
t
Ein

& 1 yr gives rise to

✓
M

M�

◆⇣ v

500 km s�1

⌘�2

& 0.082. (58)

Since MACS J1149 LS1 was unresolved during the
caustic crossing event, we use equation (43) to set con-
straint on the mass of the lens as

M . 7.6⇥ 106M�. (59)

By using this argument we may also exclude the possi-
bility that the caustic crossing event was produced by
massive dark matter substructures.
We now put together all these constraints and derive

allowed ranges of the lens mass M and the source size R.
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We now consider the conditions that the saturation
does not happen. The observation of MACS J1149 LS1
at µt ≈ 100 indicates that the maximum macro model
magnification must be larger than the observed µt. By
setting µt = 100 in equation (35), we obtain

Σ <∼ 24 M⊙pc
−2. (53)

Again, we caution that this is the result assuming that
point mass lenses have the same mass M . As shown
above, the ICL component has the surface density of
ΣICL ≈ 7 M⊙pc−2 (which corresponds to the mass frac-
tion of fICL = ΣICL/Σtot ≈ 0.0035), and therefore sat-
isfy this condition. On the other hand, from the other
condition for non-saturation (equation 40) we can place
constraints on the lens mass as

M ! 5.1× 107M⊙. (54)

For MACS J1149 LS1, the source crossing time (equa-
tion 41) is

tsrc ≈ 0.019

(

R

R⊙

)

( v

500 km s−1

)−1

days. (55)

Similarly, the time scale between caustic crossings is

tEin ≈ 3.5

(

M

M⊙

)1/2
( v

500 km s−1

)−1

yr. (56)

In the case of MACS J1149 LS1, the source crossing time
appears to be smaller than ∼ 10 days [1]. The condition
tsrc ! 10 days becomes

(

R

R⊙

)

( v

500 km s−1

)−1

! 530 (57)

Also tEin seems to be at least larger than ∼ 1 yr, so
tEin " 1 yr gives rise to

(

M

M⊙

)

( v

500 km s−1

)−2

" 0.29. (58)

Since MACS J1149 LS1 was unresolved during the
caustic crossing event, we use equation (43) to set con-
straint on the mass of the lens as

M ! 7.6× 106M⊙. (59)

We now put together all these constraints and derive
allowed ranges of the lens mass M and the source size R.
The result is shown in Figure 2, where we fixed the bulk
velocity of the lens to v = 500 km s−1. We find that there
are large ranges of the lens mass and the source size that
can explain MACS J1149 LS1.

However, it is expected that the lens and source pop-
ulations are not distributed uniformly in this parameter
space. As discussed in the next Section, the size distri-
bution of the source star is expected to be significantly
bottom-heavy, i.e., stars with smaller radii are more

FIG. 2: Constraints on the source radius (R) and lens mass
(M) for MACS J1149 LS1. Shaded regions show excluded
regions from various constrains. Specifically, we consider con-
straints from the peak magnitude (mmin, equation 51), the
magnification during the caustic crossing (µobs, equation 52),
the source crossing time (tsrc, equation 57), the time scale be-
tween caustic crossings (tEin, equation 58), and the unresolved
shape during caustic crossing (unresolved, equation 59). The
saturation condition given by equation (54) is not plotted
here because it is weaker than the condition of the unresolved
shape. Contours show the constant peak magnification (equa-
tion 48) in this parameter space. From top to bottom, we
show contours of µmax = 106, 105, 104, and 103.

abundant than those with larger radii. The same argu-
ment also holds for the lens mass, if we assume standard
stars and stellar remnants as the lens population. There-
fore, in the allowed parameter space, the most likely set
of parameters are R ≈ 240 R⊙ and M ≈ 0.3 M⊙. In
this case, the star is magnified by a factor of ≈ 3700 at
the peak. The result is fully consistent with the scenario
that a blue supergiant is magnified by a foreground ICL
star.

On the other hand, our result does not exclude the
possibility that the microlensing is caused by an exotic
population such as PBHs with masses between ∼ 1 M⊙

and ∼ 106 M⊙, as long as they have low surface density
so that they satisfy the saturation condition. For more
massive lenses, Figure 2 indicates that the peak magnifi-
cation is even higher and can reach up to ∼ 104 − 106.

V. EVENT RATES

A. Star population in the arc

It is estimated that the surface brightness of the arc
is ≈ 25 mag arcsec−2 in F125W band [1], which corre-
sponds to ≈ 1010L⊙ arcsec−2. We need to convert the
observed arc surface brightness to the number density of

• Icarusの場合

ソース星の半径 相対速度

点質量レンズ質量 相対速度
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Assuming the temperature to be T = 12000 K (see [1]),
the absolute V -band magnitude of the star before the
magnification is computed using equation (27) as

M
star

⇡ 2.2� 5 log

✓
R

R�

◆
, (49)

where we used M
L� ⇡ 4.8 in V -band, T� = 5777 K, and

included the bolometric correction. Therefore, taking ac-
count of the cross-filter K-correction derived in [1], the
minimum apparent magnitude of the star magnified by
microlensing at the peak is

m
peak

⇡ 25.5� 3.75 log

✓
200 R

R�

◆
� 0.625 log

✓
M

M�

◆
.(50)

The observation indicates that the peak magnitude is
brighter than m = 26 [1], i.e.,

3.75 log

✓
R

R�

◆
+ 0.625 log

✓
M

M�

◆
& 8.1. (51)

During the caustic crossing event the source star is mag-
nified at least a factor of 3 or so. Setting µ

obs

⇡ 3 in
equation (30), we obtain constraint on the source size as

✓
R

R�

◆✓
M

M�

◆�1/2

. 7600. (52)

We now consider the conditions that the saturation
does not happen, because the quantitative constraints
derived above assumed no saturation at the position of
MACS J1149 LS1. By setting µ

t

= 100 in equation (35),
we obtain

⌃ <⇠ 24 M�pc
�2. (53)

Again, we caution that this is the result assuming that
point mass lenses have the same mass M . As shown
above, the ICL component has the surface density of
⌃

ICL

⇡ 11� 19 M�pc�2 (which corresponds to the mass
fraction of f

ICL

= ⌃
ICL

/⌃
tot

⇡ 0.0055 � 0.0095), and
therefore satisfy this condition. On the other hand, from
the other condition for non-saturation (equation 40) we
have

M . 5.1⇥ 107M�. (54)

For MACS J1149 LS1, the source crossing time (equa-
tion 41) is

t
src

⇡ 7.6

✓
200 R

R�

◆⇣ v

500 km s�1

⌘�1

days. (55)

Similarly, the time scale between caustic crossings is

t
Ein

⇡ 3.5

✓
M

M�

◆
1/2 ⇣ v

500 km s�1

⌘�1

yr. (56)

In the case of MACS J1149 LS1, the source crossing time,
which is the timescale where the light curve is a↵ected

FIG. 2: Constraints on the source radius (R) and lens mass
(M) for MACS J1149 LS1. Shaded regions show excluded
regions from various constrains. Specifically, we consider con-
straints from the peak magnitude (m

peak

, equation 51), the
magnification during the caustic crossing (µ

obs

, equation 52),
the source crossing time (t

src

, equation 57), the time scale be-
tween caustic crossings (t

Ein

, equation 58), and the unresolved
shape during caustic crossing (unresolved, equation 59). The
saturation condition given by equation (54) is always satis-
fied in the allowed region of this plot. Contours show the
constant peak magnification (equation 48) in this parameter
space. From top to bottom, we show contours of µ

max

= 106,
105, 104, and 103.

by the finiteness of the source star radius very near the
peak, appears to be smaller than ⇠ 10 days [1]. The
condition t

src

. 10 days becomes

✓
R

R�

◆⇣ v

500 km s�1

⌘�1

. 260. (57)

For this source size, the apparent magnitude of the star
without microlensing by the point mass lens is . 28,
which appears to be consistent with the observation [1].
Also t

Ein

seems to be at least larger than ⇠ 1 yr, so
t
Ein

& 1 yr gives rise to

✓
M

M�

◆⇣ v

500 km s�1

⌘�2

& 0.082. (58)

Since MACS J1149 LS1 was unresolved during the
caustic crossing event, we use equation (43) to set con-
straint on the mass of the lens as

M . 7.6⇥ 106M�. (59)

By using this argument we may also exclude the possi-
bility that the caustic crossing event was produced by
massive dark matter substructures.
We now put together all these constraints and derive

allowed ranges of the lens mass M and the source size R.
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• Icarusの場合の制限
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     と無矛盾
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    μpeak ≈ 4300
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Assuming the temperature to be T = 12000 K (see [1]),
the absolute V -band magnitude of the star before the
magnification is computed using equation (27) as

M
star

⇡ 2.2� 5 log

✓
R

R�

◆
, (49)

where we used M
L� ⇡ 4.8 in V -band, T� = 5777 K, and

included the bolometric correction. Therefore, taking ac-
count of the cross-filter K-correction derived in [1], the
minimum apparent magnitude of the star magnified by
microlensing at the peak is

m
peak

⇡ 25.5� 3.75 log

✓
200 R

R�

◆
� 0.625 log

✓
M

M�

◆
.(50)

The observation indicates that the peak magnitude is
brighter than m = 26 [1], i.e.,

3.75 log

✓
R

R�

◆
+ 0.625 log

✓
M

M�

◆
& 8.1. (51)

During the caustic crossing event the source star is mag-
nified at least a factor of 3 or so. Setting µ

obs

⇡ 3 in
equation (30), we obtain constraint on the source size as

✓
R

R�

◆✓
M

M�

◆�1/2

. 7600. (52)

We now consider the conditions that the saturation
does not happen, because the quantitative constraints
derived above assumed no saturation at the position of
MACS J1149 LS1. By setting µ

t

= 100 in equation (35),
we obtain

⌃ <⇠ 24 M�pc
�2. (53)

Again, we caution that this is the result assuming that
point mass lenses have the same mass M . As shown
above, the ICL component has the surface density of
⌃

ICL

⇡ 11� 19 M�pc�2 (which corresponds to the mass
fraction of f

ICL

= ⌃
ICL

/⌃
tot

⇡ 0.0055 � 0.0095), and
therefore satisfy this condition. On the other hand, from
the other condition for non-saturation (equation 40) we
have

M . 5.1⇥ 107M�. (54)

For MACS J1149 LS1, the source crossing time (equa-
tion 41) is

t
src

⇡ 0.038

✓
R

R�

◆⇣ v

500 km s�1

⌘�1

days. (55)

Similarly, the time scale between caustic crossings is

t
Ein

⇡ 3.5

✓
M

M�

◆
1/2 ⇣ v

500 km s�1

⌘�1

yr. (56)

In the case of MACS J1149 LS1, the source crossing time,
which is the timescale where the light curve is a↵ected

FIG. 2: Constraints on the source radius (R) and lens mass
(M) for MACS J1149 LS1. Shaded regions show excluded
regions from various constrains. Specifically, we consider con-
straints from the peak magnitude (m

peak

, equation 51), the
magnification during the caustic crossing (µ

obs

, equation 52),
the source crossing time (t

src

, equation 57), the time scale be-
tween caustic crossings (t

Ein

, equation 58), and the unresolved
shape during caustic crossing (unresolved, equation 59). The
saturation condition given by equation (54) is always satis-
fied in the allowed region of this plot. Contours show the
constant peak magnification (equation 48) in this parameter
space. From top to bottom, we show contours of µ

max

= 106,
105, 104, and 103.

by the finiteness of the source star radius very near the
peak, appears to be smaller than ⇠ 10 days [1]. The
condition t

src

. 10 days becomes

✓
R

R�

◆⇣ v

500 km s�1

⌘�1

. 260. (57)

For this source size, the apparent magnitude of the star
without microlensing by the point mass lens is . 28,
which appears to be consistent with the observation [1].
Also t

Ein

seems to be at least larger than ⇠ 1 yr, so
t
Ein

& 1 yr gives rise to

✓
M

M�

◆⇣ v

500 km s�1

⌘�2

& 0.082. (58)

Since MACS J1149 LS1 was unresolved during the
caustic crossing event, we use equation (43) to set con-
straint on the mass of the lens as

M . 7.6⇥ 106M�. (59)

By using this argument we may also exclude the possi-
bility that the caustic crossing event was produced by
massive dark matter substructures.
We now put together all these constraints and derive

allowed ranges of the lens mass M and the source size R.

MO, Diego, Kaiser, Kelly & Broadhurst, arXiv:1710.00148
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parametrize it as

βh = β0

(

θh
arcsec

)2

. (32)

From these equations we have µt = µh(βh/β0)−1/2 for the
macro model magnification of one of the merging pair of
images.

The maximum magnification (equation 26) of caustic
crossing is larger for larger µt, which suggests that stars
that are closer to the critical curve can have higher mag-
nifications. However, [26] (see also [27]) argued that, even
a small fraction of point mass lenses, significantly changes
the asymptotic behavior of the macro model magnifica-
tion toward the critical curve. This is because the Ein-
stein radius of the point mass lens depends on µt as
∝ √

µt, and hence for very large
√
µt the Einstein radii

for different point mass lenses overlap, even when the
number density of point mass lenses is small. As shown
by ray-tracing simulations in [26], beyond this “satura-
tion” point the source breaks into many micro-images,
and as a result it loses its sensitivity to the source posi-
tion with respect to the macro model caustic. Therefore,
the macro model magnification in fact does not diverge
as predicted by equation (31), but saturates at a finite
value.

To estimate where the saturation happens, [26] consid-
ered the optical depth τ defined by

τ =
Σ

M
π (

√
µtθEDol)

2 , (33)

where Σ is the surface mass density of the point mass
component. Here we implicitly assumed that the point
masses have the same massM , although we note that this
approximation is reasonably good when compared with
the realistic ray-tracing simulations. [26] argued that the
saturation happens when τ ≈ 1. From the definition of
the Einstein radius (equation 3), it is found

τ ∝ µtΣ, (34)

which indicates that the maximum macro model magni-
fication where the saturation happens is inversely pro-
portional to the surface mass density of the point mass
component Σ, and does not depend on the mass M . This
means that, in order to achieve high peak magnifications
(equation 26), lower Σ is preferred. Specifically, we can
compute the maximum macro model magnification by
setting τ = 1 in equation (33) as

µt,max ≈
M

πΣ (θEDol)
2 . (35)

Since the surface mass density is proportional to M as-
suming a single mass component, M/Σ does not depend
on mass M .

We can consider another condition for the saturation
from the Einstein radius (see [27]). Even for τ ≪ 1,
when the distance to the macro model critical line, θh,

becomes comparable to the Einstein radius of the point
mass lens, the critical curves by the point mass lens merge
with those from the macro lens model, and our basic as-
sumption breaks down. Therefore, to have enough mag-
nifications by the point mass lens, we need the following
condition.

√
µtθE ! θh. (36)

Using equation (31), this condition is rewritten as

θE !
µh

µ3/2
t

. (37)

The similar condition in the source plane is

θE√
µt

! βh, (38)

which results in

θE !
β0µ2

h

µ3/2
t

. (39)

In practice equations (37) and (39) give quite similar con-
ditions, so in what follows we consider only equation (37).
From this condition, we have another condition for the
maximum magnification of the macro mass model as

µt,max ≈
(

µh

θE

)2/3

, (40)

which indicates µt,max ∝ M−1/3. The true maximum
macro magnification is given by the smaller of µt,max

given in equations (35) and (40).

C. Light curve timescales

There are important time scales that characterize caus-
tic crossing events. One is the so-called source crossing
time defined by

tsrc =
βR

u
, (41)

where βR is the angular size of the source in the source
plane, and u is the source plane velocity as defined in
equation (23). This source crossing time determines the
timescale of the light curve near the peak. Another im-
portant time scale is given by the time to cross between
caustics. Using the width of the caustics, βw (equa-
tion 13), it is expressed as

tEin =
βw

u
, (42)

which gives the typical timescale between multiple caus-
tic crossing events. The former timescale tsrc does not
depend on the lens property, whereas the latter timescale
tEin scales with the lens mass as ∝ M1/2.

≈√μtθE

低質量密度 Σ 高質量密度 Σ

• 点質量レンズの数密度が十分大きくなると
    アインシュタイン半径が重なってくる
    → 増光率がサチる

τ≳1 → サチる

Diego, .., MO+, arXiv:1706.10281
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stars that can be magnified by caustic crossing events.
We do so by simply assuming a power-law luminosity
function of stars, dn/dL ∝ L−2, as considered in [1]. The
normalization of the luminosity function is determined so

that that the total luminosity density
∫ Lmax

Lmin
L(dn/dL)dL

matches the observed surface brightness. Assuming the
luminosity range of Lmin = 0.1L⊙ and Lmax = 107L⊙,
the surface number density can be converted to the num-
ber density of star in the image plane

nstar(L1 < L < L2) =
1010 arcsec−2

µtµr ln(Lmax/Lmin)

(

L⊙

L1
−

L⊙

L2

)

≈
5.4× 108 arcsec−2

µtµr

(

L⊙

L1
−

L⊙

L2

)

, (60)

where µtµr in the denominator accounts for the lensing
magnification of luminosities of individual stars. Using
equation (27) and fixing T = 12000 K, we can convert
this to the number density in the star radius range

nstar(R1 < R < R2) =
n0

µtµr

[

(

R⊙

R1

)2

−
(

R⊙

R2

)2
]

,

(61)
where n0 = 2.9× 107 arcsec−2. For a given lens mass M ,
the lower limit of the radius comes from the constraint
on the peak magnitude. We assume that the condition
for detecting caustic crossing events to be mmin < 26.5.
From equation (50)

R1 ≈ 140
( µt

100

)−0.5
(

M

M⊙

)−0.167

R⊙, (62)

where we recover the dependence on µt which originates
from equation (26). We set R2 ≈ 730R⊙, the radius
corresponding to Lmax = 107L⊙.

B. Expected rate

From the analysis in Section II, we know that the
typical length scale of the caustic along β1 direction is
≈ 2(

√
µt/µr)θE. Therefore the expected event rate is

dN

dt
= 2

∫ θh,max

θh,min

dθhnstarwarcµtµr
Σ

M
2

√
µt

µr
D2

olθEu,

= 2

∫ µt,max

µt,min

µhdµt

µ2
t

n0

[

(

R⊙

R1

)2

−
(

R⊙

R2

)2
]

×warc
Σ

M
2

√
µt

µr
D2

olθEu, (63)

where warc (assumed to be 0.2 arcsec in the following cal-
culations) is the width of the giant arc along the critical
curve, and the saturation conditions give the upper limit
µt,max. The factor µtµr converts the number density of
the point mass lens in the image plane, Σ/M , to the cor-
responding number density in the source plane. The pref-
actor 2 is introduced due to the fact that caustic cross-
ing events can happen on both sides of the critical curve.

FIG. 3: Constraints in the M -fp plane for MACS J1149 LS1,
where M is the lens mass and fp is the mass fraction of the
point mass component to the total mass. Shaded regions show
excluded regions from the saturation condition (saturation,
equation 53) and the event rate (rate, equation 69). The
shaded small suqare region shows the rough mass fraction
and the mass range of ICL stars. Contours show the constant
even rate in this plane. From top to bottom contours, we
show contours for dN/dt = 10−2, 10−3, 10−4, and 10−5.

FIG. 4: Similar to Figure 2, but additional constraint on the
lens mass range from the event rate (see Figure 3) is included.

Among the saturation conditions given in equations (35)
and (40), parameter values of Σ (or equivalently fp de-
fined in equation 47) and M determines which condition
determine the maximum µt. These two conditions reduce
to

µt,max = 1.2f−1
p , (64)
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that a blue supergiant is magnified by a foreground ICL
star.

On the other hand, our result does not exclude the
possibility that the microlensing is caused by an exotic
population such as PBHs with masses between ∼ 1 M⊙

and ∼ 106 M⊙, as long as they have low surface density
so that they satisfy the saturation condition. For more
massive lenses, Figure 2 indicates that the peak magnifi-
cation is even higher and can reach up to ∼ 104 − 106.

V. EVENT RATES

A. Star population in the arc

It is estimated that the surface brightness of the arc
is ≈ 25 mag arcsec−2 in F125W band [1], which corre-
sponds to ≈ 1010L⊙ arcsec−2. We need to convert the
observed arc surface brightness to the number density of
stars that can be magnified by caustic crossing events.
We do so by simply assuming a power-law luminosity
function of stars, dn/dL ∝ L−2, as considered in [1]. The
normalization of the luminosity function is determined so

that that the total luminosity density
∫ Lmax

Lmin
L(dn/dL)dL

matches the observed surface brightness. Assuming the
luminosity range of Lmin = 0.1L⊙ and Lmax = 107L⊙,
the surface number density can be converted to the num-
ber density of stars in the image plane

nstar(L1 < L < L2) =
1010 arcsec−2

µtµr ln(Lmax/Lmin)

(

L⊙

L1
−

L⊙

L2

)

≈
5.4× 108 arcsec−2

µtµr

(

L⊙

L1
−

L⊙

L2

)

, (60)

where µtµr in the denominator accounts for the lensing
magnification of luminosities of individual stars. Using
equation (27) and fixing T = 12000 K, we can convert
this to the number density in the star radius range

nstar(R1 < R < R2) =
n0

µtµr

[

(

R⊙

R1

)2

−
(

R⊙

R2

)2
]

,

(61)
where n0 = 2.9× 107 arcsec−2. For a given lens mass M ,
the lower limit of the radius comes from the constraint
on the peak magnitude. We assume that the condition
for detecting caustic crossing events to be mpeak < 26.5.
From equation (50)

R1 ≈ 140
( µt

100

)−0.5
(

M

M⊙

)−0.167

R⊙, (62)

where we recover the dependence on µt which originates
from equation (26). We set R2 ≈ 730R⊙, the radius
corresponding to Lmax = 107L⊙.

FIG. 3: Constraints in the M -fp plane for MACS J1149 LS1,
where M is the lens mass and fp is the mass fraction of the
point mass component to the total mass. Shaded regions show
excluded regions from the event rate (rate, equation 70). The
small rectangular region shows the rough mass fraction and
the mass range of ICL stars. Contours show the constant even
rate in this plane. From inner to outer contours, we show
contours for dN/dt = 10−1, 10−2, 10−3, 10−4, and 10−5.

B. Expected rate

From the analysis in Section II, we know that the typ-
ical length scale of the caustic along the β1 direction is
≈ 2(

√
µt/µr)θE. Therefore the expected event rate is

dN

dt
= 2

∫ θh,max

θh,min

dθhnstarwarcµtµr
Σ

M
2

√
µt

µr
D2

olθEu,

+2

∫ θh,min

0

dθhnstarwarcµtµr
Σ

M
2

√
µt

µr
D2

olθEu

∣

∣

∣

∣

µt,max

= 2

∫ µt,max

µt,min

µhdµt

µ2
t

n0

[

(

R⊙

R1

)2

−
(

R⊙

R2

)2
]

×warc
Σ

M
2

√
µt

µr
D2

olθE

+2θh,minnstarwarcµtµr
Σ

M
2

√
µt

µr
D2

olθEu

∣

∣

∣

∣

µt,max

, (63)

where warc (assumed to be 0.2 arcsec in the following
calculations) is the width of the giant arc along the crit-
ical curve, and the saturation conditions give the upper
limit µt,max. The factor µtµr converts the number den-
sity of the point mass lens in the image plane, Σ/M , to
the corresponding number density in the source plane.
The prefactor 2 is introduced due to the fact that caustic
crossing events can happen on both sides of the critical
curve. As shown in Section II, while the length of the
caustic is shorter in the negative parity region, there are
twice more caustic crossings for each lens, which would

サチった中心領域からの寄与
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The result is shown in Figure 2, where we fixed the bulk
velocity of the lens to v = 500 km s�1. We find that there
are large ranges of the lens mass and the source size that
can explain MACS J1149 LS1.

However, it is expected that the lens and source pop-
ulations are not distributed uniformly in this parame-
ter space. As discussed in the next Section, the size
distribution of the source star is expected to be signif-
icantly bottom-heavy, i.e., stars with smaller radii are
more abundant than those with larger radii. The same
argument also holds for the lens mass, if we assume stan-
dard stars and stellar remnants as the lens population,
but with the minimum mass of ⇡ 0.3 M� below which
the stellar initial mass function is truncated. Therefore,
in the allowed parameter space, the most likely set of
parameters are R ⇡ 180 R� and M ⇡ 0.3 M�. In this
case, the star is magnified by a factor of ⇡ 4300 at the
peak. The result is fully consistent with the scenario that
a blue supergiant is magnified by a foreground ICL star.

On the other hand, our result does not exclude the
possibility that the microlensing is caused by an exotic
population such as PBHs with masses between ⇠ 1 M�
and ⇠ 106 M�, as long as they have low surface density
so that they satisfy the saturation condition. For more
massive lenses, Figure 2 indicates that the peak magnifi-
cation is even higher and can reach up to ⇠ 104 � 106.

V. EVENT RATES

A. Star population in the arc

It is estimated that the surface brightness of the arc
is ⇡ 25 mag arcsec�2 in F125W band [1], which cor-
responds to ⇡ 6.5 ⇥ 109L� arcsec�2. We need to con-
vert the observed arc surface brightness to the number
density of stars that can be magnified by caustic cross-
ing events. We do so by simply assuming a power-law
luminosity function of stars, dn/dL / L�2, as consid-
ered in [1]. The normalization of the luminosity function
is determined so that that the total luminosity densityR
L

max

L

min

L(dn/dL)dL matches the observed surface bright-
ness. Assuming the luminosity range of L

min

= 0.1L�
and L

max

= 107L�, the surface number density can be
converted to the number density of stars in the image
plane

n
star

(L
1

< L < L
2

) =
6.5⇥ 109 arcsec�2

µ
t

µ
r

ln(L
max

/L
min

)

✓
L�
L
1

� L�
L
2

◆

⇡ 3.5⇥ 108 arcsec�2

µ
t

µ
r

✓
L�
L
1

� L�
L
2

◆
, (60)

where µ
t

µ
r

in the denominator accounts for the lensing
magnification of luminosities of individual stars. Using
equation (27) and fixing T = 12000 K, we can convert

FIG. 3: Constraints in the M -f
p

plane for MACS J1149 LS1,
where M is the lens mass and f

p

is the mass fraction of the
point mass component to the total mass. Shaded regions show
excluded regions from the event rate (rate, equation 70). The
small rectangular region shows the rough mass fraction and
the mass range of ICL stars. Contours show the constant
even rate in this plane. From inner to outer contours, we
show contours for dN/dt = 10�2, 10�3, 10�4, and 10�5.

this to the number density in the star radius range

n
star

(R
1

< R < R
2

) =
n
0

µ
t

µ
r

"✓
R�
R

1

◆
2

�
✓
R�
R

2

◆
2

#
,

(61)
where n

0

= 1.9⇥ 107 arcsec�2. For a given lens mass M ,
the lower limit of the radius comes from the constraint on
the peak magnitude. Here we consider caustic crossing
events with m

peak

< 26. From equation (50)

R
1

⇡ 140
⇣ µ

t

100

⌘�0.5

✓
M

M�

◆�0.167

R�, (62)

where we recover the dependence on µ
t

which originates
from equation (26). We set R

2

⇡ 730R�, the radius
corresponding to L

max

= 107L�.

B. Expected rate

From the analysis in Section II, we know that the typ-
ical length scale of the caustic along the �

1

direction is
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⇡ 2(
p
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t
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E

. Therefore the expected event rate is
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, (63)

where w
arc

(assumed to be 0.2 arcsec in the following
calculations) is the width of the giant arc along the crit-
ical curve, and the saturation conditions give the upper
limit µ

t,max

. The factor µ
t

µ
r

converts the number den-
sity of the point mass lens in the image plane, ⌃/M , to
the corresponding number density in the source plane.
The prefactor 2 is introduced due to the fact that caustic
crossing events can happen on both sides of the critical
curve. As shown in Section II, while the length of the
caustic is shorter in the negative parity region, there are
twice more caustic crossings for each lens, which would
compensate the shorter length of the caustic. The sec-
ond term represents the contribution from the saturate
region in which caustic crossing events are observed (see
[26, 27]). We make a simple assumption that the rate
calculation of the saturated region is same as that for
the unsaturated region but with replacing µ

t

to the sat-
uration value µ

t,max

. Among the saturation conditions
given in equations (35) and (40), parameter values of ⌃
(or equivalently f

p

defined in equation 47) and M de-
termines which condition determine the maximum µ

t

.
These two conditions reduce to

µ
t,max

= 1.2f�1

p

, (64)

µ
t,max

= 3.7⇥ 104
✓

M

M�

◆�1/3

. (65)

By equating these two conditions we can define the crit-
ical point mass fraction f

p,crit

f
p,crit

= 3.2⇥ 10�5

✓
M

M�

◆
1/3

. (66)

When f
p

> f
p,crit

µ
t,max

is determined from equa-
tion (64), whereas when f

p

< f
p,crit

µ
t,max

is determined
from equation (65). One condition to determine µ

t,min

is R
1

= R
2

, which gives µ
t,min

. 1. In practice, µ
t,min

would be determined by the extent of the arc in the direc-
tion perpendicular to the critical curve. We tentatively
set µ

t,min

= 10, which correspond to the maximum dis-
tance from the critical curve, ✓

h,max

⇡ 1.300 (see equa-
tion 31). In some cases, however, µ

t,min

determined from

FIG. 4: Similar to Figure 2, but additional constraint on the
lens mass range from the event rate (see Figure 3) is included.

R
1

= R
2

because larger than 10, and in that case we
adopt the former value as µ

t,min

.
Plugging in the parameter values for MACS J1149 LS1,

we have
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J(M) =
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µ
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◆
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⇡ 4.7⇥ 10�7µ
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✓
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◆
1/3

� 1.9⇥ 10�6(69)

where dN/dt is the event rate, i.e., the number of caustic
crossing events per year.
We compute the event rate as a function of lens

mass M and mass fraction of the lens f
p

using equa-
tion (67). We can use this predicted rate calculation to
place additional constraints on the lens population. Since
MACS J1149 LS1 is observed with ⇠ 2 year monitoring
observations of MACS J1149, the 2� limit of the pre-
dicted rate is

dN

dt
& 0.025 year�1 (70)
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FIG. 7: Constraints on the mass (M) and abundance (fp) of
compact dark matter. Shaded regions show excluded regions
from caustic crossing studied in this paper, microlensing ob-
servations of M31 with Subaru/Hyper Suprime-Cam (HSC)
[11], EROS/MACHO microlensing [6, 9], ultra-faint dwarf
galaxies (UFDs) [42], and Planck cosmic microwave back-
ground observations (Planck) [43]. For UFDs and Planck,
conservative limits are shown by solid lines, whereas more
stringent limits are shown by dashed lines.

dark matter becomes much smaller than the source size.
In this case, any lensing effects by compact dark matter
is smeared out due to the finite source size effect, and as
a result it does not cause any saturation. We can write
this condition as

θE√
µt

! βR. (74)

Given the allowed range of the source radius R and µt <
100, this condition reduces to

M ! 1.5× 10−5M⊙. (75)

From this argument, we can derive constraints on the
mass M and abundance fp of compact dark matter. Fig-
ure 7 shows the rough excluded region in the M -fp plane
from the observation of MACS J1149 LS1. As discussed
in [1], the very high abundance of ∼ 30 M⊙ black holes
[29], which is motivated by recent observations of gravita-
tional waves [44], is excluded, although more careful com-
parisons with simulated microlensing light curves should
be made in order to place more robust constraints.

We expect that we can place tighter constraints on
compact dark matter from long monitoring observations
of giant arcs and careful analysis of observed light curves.
This is because point mass lens with different masses have
quite different characteristics of light curves such as time
scales and peak magnifications. Therefore, observations
or absence of light curve peaks with different time scales
may be used to place constraints on the abundance of
compact dark matter with different masses, although we
have to take account of the uncertainty in the velocity for

the robust interpretation. As discussed in [26], another
clue may be obtained by detailed observations of light
curves before and after the peak. As mentioned above,
in order to obtain robust constraints on compact dark
matter from observations, it is also important to conduct
ray-tracing simulations that include both ICL stars and
compact dark matter, as was partly done in [26]. Ray-
tracing simulations are helpful to better understand what
kind light curves such compound lens system predict.

VII. SUMMARY AND DISCUSSIONS

In this paper, we have adopted a simple analytical lens
model that consists of a point mass lens and a constant
convergence and shear field, which is used to study lens-
ing properties of a point mass lens embedded in high
magnification regions due to the cluster potential. This
model has been used to derive characteristic scales of
caustic crossing events in giant arcs, such as the time
scale of light curves and maximum magnifications, as a
function of the mass of the point mass lens and the ra-
dius of the source star. We have tuned model parame-
ters to the MACS J1149 LS1 event to constrain lens and
source properties of this event. We have also computed
expected event rates, and derived additional constraints
on the lens and source properties of MACS J1149 LS1.

Our results that are summarized in Figures 3 and 4
indicate that MACS J1149 LS1 is fully consistent with
microlensing by ICL stars. The allowed ranges of the
lens mass and source radius are 0.1 M⊙ ! M ! 4 ×
103M⊙ and 40 R⊙ ! R ! 260 R⊙, respectively. The
most plausible radius of the source star is R ≈ 180 R⊙

(luminosity L ≈ 6 × 105 L⊙), which is consistent with
a blue supergiant. In this case, the source star should
have been magnified by a factor of ≈ 4300 at the peak.
Our results suggest that the allowed ranges of the lens
mass and source radius are relative narrow, which limit
the possibility of explaining MACS J1149 LS1 by exotic
dark matter models.

We have discussed the possibility of constraining com-
pact dark matter in the presence of ICL stars. Using
the saturation argument, we have shown that compact
dark matter models with high fractional matter densi-
ties (fp " 0.1) for a wide mass range of 10−5M⊙ !
M ! 102M⊙ are inconsistent with the observation of
MACS J1149 LS1 because such models predict too low
magnifications at the position of MACS J1149 LS1. We
note that this constraint from the saturation condition
should be applicable to the total compact dark matter
fraction for models with extended mass functions [45].
We expect that we can place tighter constraints on the
abundance and mass of compact dark matter by careful
analysis of observed light curves as well as more observa-
tions of caustic crossing events.

In this paper, we have assumed a single star as a source.
As discussed in [1], there is a possibility that the source
is in fact a binary star, based on multiple peaks in the
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dark matter becomes much smaller than the source size.
In this case, any lensing effects by compact dark matter
is smeared out due to the finite source size effect, and as
a result it does not cause any saturation. We can write
this condition as

θE√
µt

! βR. (74)

Given the allowed range of the source radius R and µt <
100, this condition reduces to

M ! 1.5× 10−5M⊙. (75)

From this argument, we can derive constraints on the
mass M and abundance fp of compact dark matter. Fig-
ure 7 shows the rough excluded region in the M -fp plane
from the observation of MACS J1149 LS1. As discussed
in [1], the very high abundance of ∼ 30 M⊙ black holes
[29], which is motivated by recent observations of gravita-
tional waves [44], is excluded, although more careful com-
parisons with simulated microlensing light curves should
be made in order to place more robust constraints.

We expect that we can place tighter constraints on
compact dark matter from long monitoring observations
of giant arcs and careful analysis of observed light curves.
This is because point mass lens with different masses have
quite different characteristics of light curves such as time
scales and peak magnifications. Therefore, observations
or absence of light curve peaks with different time scales
may be used to place constraints on the abundance of
compact dark matter with different masses, although we
have to take account of the uncertainty in the velocity for

the robust interpretation. As discussed in [26], another
clue may be obtained by detailed observations of light
curves before and after the peak. As mentioned above,
in order to obtain robust constraints on compact dark
matter from observations, it is also important to conduct
ray-tracing simulations that include both ICL stars and
compact dark matter, as was partly done in [26]. Ray-
tracing simulations are helpful to better understand what
kind light curves such compound lens system predict.

VII. SUMMARY AND DISCUSSIONS

In this paper, we have adopted a simple analytical lens
model that consists of a point mass lens and a constant
convergence and shear field, which is used to study lens-
ing properties of a point mass lens embedded in high
magnification regions due to the cluster potential. This
model has been used to derive characteristic scales of
caustic crossing events in giant arcs, such as the time
scale of light curves and maximum magnifications, as a
function of the mass of the point mass lens and the ra-
dius of the source star. We have tuned model parame-
ters to the MACS J1149 LS1 event to constrain lens and
source properties of this event. We have also computed
expected event rates, and derived additional constraints
on the lens and source properties of MACS J1149 LS1.

Our results that are summarized in Figures 3 and 4
indicate that MACS J1149 LS1 is fully consistent with
microlensing by ICL stars. The allowed ranges of the
lens mass and source radius are 0.1 M⊙ ! M ! 4 ×
103M⊙ and 40 R⊙ ! R ! 260 R⊙, respectively. The
most plausible radius of the source star is R ≈ 180 R⊙

(luminosity L ≈ 6 × 105 L⊙), which is consistent with
a blue supergiant. In this case, the source star should
have been magnified by a factor of ≈ 4300 at the peak.
Our results suggest that the allowed ranges of the lens
mass and source radius are relative narrow, which limit
the possibility of explaining MACS J1149 LS1 by exotic
dark matter models.

We have discussed the possibility of constraining com-
pact dark matter in the presence of ICL stars. Using
the saturation argument, we have shown that compact
dark matter models with high fractional matter densi-
ties (fp " 0.1) for a wide mass range of 10−5M⊙ !
M ! 102M⊙ are inconsistent with the observation of
MACS J1149 LS1 because such models predict too low
magnifications at the position of MACS J1149 LS1. We
note that this constraint from the saturation condition
should be applicable to the total compact dark matter
fraction for models with extended mass functions [45].
We expect that we can place tighter constraints on the
abundance and mass of compact dark matter by careful
analysis of observed light curves as well as more observa-
tions of caustic crossing events.

In this paper, we have assumed a single star as a source.
As discussed in [1], there is a possibility that the source
is in fact a binary star, based on multiple peaks in the
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• 銀河団の高増光率領域において全く新しい
    タイプの変動天体を発見した

• 巨大アーク内の単独の星が銀河団内のコンパ
クト天体により非常に増光されたものと解釈  

    できる  (μpeak ≳ 4000 for Icarus)

• IcarusイベントはICLの星によって引き起こさ
れたという解釈と無矛盾

• 解釈は複雑だがDM研究の多大なポテンシャル

• さらなる理論的/観測的研究が待たれる
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